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Abstract. In this paper we develop the research we started in [6,7,9,10] on clas-
sical n-th Kaprekar’s transformations, which are some functions defined on n-digit
numbers (definition is given in the first section). This time we present and discuss
some generalizations of classical Kaprekar’s transformations which we call symmetric,
permutational and general Kaprekar’s transformations. We are especially interested
in orbits of such transformations, namely we provide their full description for small n
and also prove some general properties. We also mention some results of the attempt
to introduce Kaprekar-style transformations on symmetric groups. Moreover, inspired
by numerical calculations, we pose 4 conjectures.
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1. Introduction

In [5-12, 16, 17] the classical n-th Kaprekar’s transformations were discussed,
namely the transformations

Tn: {0} U{a: 10" <a < 10"} = {0} U{a: 10" < a < 107},

given by the formula

n

T.(a) = Z(ak — an_k+1)10k_1 = Qpdp_1...01 — Q1032 ... a4y,
k=1

for every a,n € N, 107! < a < 10", where
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O0<ar<a2<...<a, <9

denote all digits in decimal expansion of o and T,(0) = 0.

In this paper we discuss orbits of some Kaprekar-style transformations. Note that
a transformation F' on a finite set X is a permutation (bijection) if and only if for
every © € X there exists n = n(x) such that F™(x) = x, where F" denotes the
n-th iteration of F' (that is, the n-fold composition). So to establish the nature of
a permutation one can examine its orbits, that is sets of the form {F™(x), n € N} for
every € X (i.e. the sets of all iterations of F' on a fixed z).

But the above is not true in general — if we consider an arbitrary transformation
F of a finite set X then the set of all iterations on every x € X for each element
can be presented graphically in Figure 1(a) below. Therefore instead of examining all
iterations of I for every « € X one can examine only those which can be viewed at
Figure 1(a) as a cycle, that is sets of the form {x¢g = F**1(x¢), F(x0),...F"(20))}.
Now each such defined set is called an orbit of the transformation F' (in [9] it was
called a minimal orbit). Moreover, if an orbit contains one element only, that is we
have F(zg) = xo then zy is called a fixed point of the transformation F'. Note that
orbits defined in such a way inherit the key property of orbits of permutations, namely
every two orbits either are disjoint or coincide. Some exemplary sets of iterations and
orbits of a transformation on a finite set are presented graphically in Figure 1(b)
below.

x
F2(x)
F3(z) ;
F"_l(z) N = ..
2

F(2) =20 = F*(aq) F3(zq)

Fig. 1. (a) An example of iterations of F' on z; ) An example of F' acting on some finite set

The paper is organized as follows. In Section 2 we examine orbits of n-th symmetric
Kaprekar’s transformations M,,. Their number and nature depends heavily on a parity
of n, but not only. For instance, Mjs-orbits have significantly different nature and
there are much more fixed points of M5 than of any other M, with n < 20. In
Section 3 we define a family of permutational transformations and we examine orbits
of one of them, denoted by @,. Most of Q,-orbits have a surprising property — the
sum of digits of each nontrivial element in every orbit is constant for a fixed n (except

L A very famous problem, usually referred to as (3x4-1)-problem, Collatz problem or Syracuse prob-
lem, is also connected with examining orbits — this is the question whether the considered transfor-
mation has only one trivial orbit, see e.g. [14] for further details.
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for Qs, and Q7). The examination of @, for several initial values of n allowed us,
among the others, to discover (and prove) the form of some orbits for 5 infinite chains
of Q. In Section 4 we define the family of general Kaprekar’s transformations and
discuss one of them denoted by D,,. Note that for n = 2%, k € N these transformations
have only the trivial orbit, that is {0}, which takes place also for so-called Ducci’s
transformations. The structure of D,,-orbits in general is simpler than for 7}, but their
cardinalities increase rapidly with n. This behavior is different from the one of T}, as
all T;,-orbits for n < 50 posses at most 7 elements. Finally in Section 5 we make an
attempt to introduce Kapkrekar-style transformation in some algebraic structures. As
the example we define two transformations in the spirit of Kaprekar on symmetric
groups S,,. We also pose 4 conjectures.

2. Symmetric Kaprekar’s transformations

In this section we consider a transformation that acts on nonnegative integers
having at most n digits. However, since the value for each number (except for 0) is
an n-digit number, and because of formula (1) below the transformations in question
actually generalize the idea of T,.

So, similarly as for T,,, let 0 < a1 < a2 < ... < an, < 9 be the sequence consisting of
all digits of «v in the decimal expansion of av < 10™ (filled with zeros at the beginning if
necessary). For example, for n = 5 and o = 6103, we have a1 = a2 = 0,a3 = 1,a4 = 3
and as = 6.

Definition 2.1. Let n be any natural number and for every o < 10™ let aq, .., a, be
a nondecreasing sequence of digits in the decimal expansion of length n of a. The n-th
symmetric Kaprekar’s transformation M, is a function defined by

My () =Y lag = an_ppa 10571 (1)
k=1
Similarly as for classical Kaprekar’s transformations 7,, we have
M,(a...an) = M, (ao(l)aom) . ao(n))

for every permutation o of {1,...,n}.
Thus for example, M5(6103) = M5(00136) = 63036. Moreover, we have Mg(6103) =
M¢(000136) = 631136 and M, (6103) = M~(0000136) = 6310136.

Note that values of M,, have a nice form, namely for every n we have
M2n+1(a) = blbg ‘e bnObn ‘e bgbl,

and
Mgn(a) = blbg .. bnbn .. .bgbl,

where
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Thus nontrivial M,-orbits consists only of elements of one of the two forms defined
above (in particular, they are n-digits numbers for a # 0).

We shall give the full description of orbits for small n. Also we shall make some
general observations and pose 2 conjectures.

2.1. M, -orbits for odd n

We start our investigations with the full description of orbits for every odd n < 17.
As noted above, the only elements that can appear in Msy 1-orbits are of the form

biby.. . bObe.. . bobi,  0<bp<...<by<b; <9 (2)

Fact 2.2. M3(a0a) = ala fora € {0,1,...,9}. That means that each of ten Ms-orbits
consist of 1 element only, i.e. a fized point of Ms.

Proof. a0a are the only 3-digit numbers of the form (2). O

Fact 2.3. M;5-orbits are the following:
I-element orbits (fized points): {0}, {21012}, {42024}, {63036}, {84048}
2-element orbits: 25 sets of the form

{ab0ba, a(a —b)0(a — b)a},
where 0 < b < a <9 and ab0ba is not a fized point.

Proof. Since Ms5(ab0ba) = a(a—b)0(a—b)a, fixed points satisfy the condition a—b = b
whence they are of the form (2b)b0b(2b). Moreover, MZ2(abOba) = abOba, so all the
remaining elements of the form ab0ba constitute 2-element Mj-orbits as required. 0O

Fact 2.4. Mr-orbits are the following:
1-element orbits (fized points): {0}, {3210123}, {6420246}, {9630369}.
3-element orbits: 72 sets of the form

{abcOcba, a(a—c)(b—c)0(b— c)(a —c)a, ala—b+c)(a—b)0(a—b)(a—b+c)a},
where 0 < ¢ < b < a <9 and abcOcba is not a fized point.

Proof. We have M7 (abcOcba) = a(a — ¢)(b — ¢)0(b — ¢)(a — ¢)a and
M2 (abcOcba) = a(a — b+ c)(a — b)0(a — b)(a — b+ ¢)a and M3(abcOcba) = abcOcba.
So fixed points are determined by solutions to the Diophantine system

{a—c:b == b=2c a=3c
b—c=rc,

Now, to check whether we have 2-element orbits we solve the system

{a—b+c=b

= b=2c, a=3c
a—b=c,

Since the only solutions are fixed points, we get a required contradiction. a
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Remark 2.5. In particular, 3-element M7-orbits of a regular form are

(kk(k —1)0(k — 1)kk, k11011k, k(k —1)000(k —1)k), 1 <k <9,

(k(k —1)(k — 2)0(k — 2)(k — 1)k, k21012k, k(k —1)101(k — 1)k), 2< k <9, k # 3,
(k(k—3)(k — 4)0(k — 4)(k — 3)k, k41014k, k(k —1)303(k — 1)k), 4 < k <9,
(k(k —2)(k — 4)0(k — 4)(k — 2)k, k42024k, k(k —2)202(k — 2)k), 4 <k <9, k # 6.

Fact 2.6. Mgy-orbits are the following:
1-element orbits (fixed points): 22 sets of the form

{(c+ 2d)(c + d)ed0dc(c + d)(c + 2d)},
where 0 <d<ec<ec+2d<9
3-element orbits: 231 sets of the form
{abedOdcba, a(a—d)(b—d)(b—c)0(b—c)(b—d)(a — d)a,
ala—b+c)a—b+c—d)(a—b)0(a—b)(a—b+c—d)(a—b+ca},

where 0 < d < c<b<a<9 and abedOdcba is not a fixed point.

Proof. We have Mg (abcdOdcba) = a(a — d)(b — d)(b — ¢)0(b — ¢)(b — d)(a — d)a,
M (abed0dcba) = a(a — b+ c)(a —b+c—d)(a—b)0(a—b)(a—b+c—d)(a—b+c)a
and M§(abedOdcba) = abedOdcba. Now, fixed points are solutions to the Diophantine

system
Z:j:g — {a=c+2d
b—c=d b=ctd

whereas 2-element orbits can be determined by solving the system

a—b+c=b
_ a—b=d a=c+2d
{Z:gfz_d_c = {d+c:b = {b=c+¢

But the only elements satisfying this system are fixed points, a contradiction. O

Notation. Since elements we consider became too long in writing, from now on we
shall use a briefer notation. Namely, we shall write all digits explicitly up to the middle
0 which will be bold. The remaining digits, except for the outermost, will be dotted.

Fact 2.7. M;ii-orbits are the following:
1-element orbits (fized points): {0}, {543210...5},
5-element orbits: 400 sets of the form

{abcdeO .. .a, a(a —e)(b—e)(b—d)(c—d)0...a,
ala—c+d)(a—c+d—e)la—b+d—e)(d—e)0...a,
ala—d+e)la—c+e)(b—c+e)b—c)0...a,
ala—b+c)la—b+c—d+e)la—b+c—d)(a—Db)0...a},

where 0 <e<d<c<b<a<9 and abede0. . .a is not a fized point.
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Proof. The system of Diophantine equations providing fixed points is

a—e=5b
b—e=c
= d=2e,c=3¢,b=4e,a=5 = e€ {0,1}
b—d=d
c—d=e,

Similarly as in previous proofs, for k& = 2,3,4 the only solutions to each equation
MF, (abedeO . . . a) = abedeO . . . a are fixed points, which gives the statement. O

The trend that we could observe in all cases considered so far changes radically for
n = 13.

Fact 2.8. Mi3-orbits are the following:
1-element orbits (fized points): {0}, {6543210...6},
2-element orbits:
{9764210...9,9865420...9}, {3221000...3,3322210...3},
{64420000...6,6644420...6}, {9663000...9,9966630...9},

3-element orbits: 11 sets of the form

{(2c=2f)(2c—e— fcle+ fefO...(2c—2f),
(2¢—=2f)(2c—3f)2c—e—2f)2c—2e— f)(c—e)(c—e— f)0...(2¢—2f),
(2c—2f)(c+e— flc+e—2f)(c+e—3f)(c—2f)e— [)0...(2c—2f)},

where 0 < f<e<ce<2c—e—f<2(c—f)<9andc—e—f>=0
6-element orbits: 827 sets of the form

{abcdef0...a, ala— f)(b— f)(b—e)(c—e)(c—d)0...a,
ala—c+d)(a—c+d—flla—c+e—f)lb—c+e—f)le— f)O...aqa,

ala—e+ flla—c+d—e+ flla—b+d—f+ f)la—b+d—e)(d—e€)0...a,
ala—d+e)a—d+ f)b—d+ f)(b—c+ f)(b—c)0...a},
al@—c+b)a—b+tc—d+e)la—b+c—d+e—f)la—b+c—d)(a—1b)0...a},

where 0 < f<e<d<c<b<a<9 and abedef0...a does not satisfy any of the
above conditions.

Proof. The statement follows from straightforward calculations. Let us only note that
the only elements satisfying Mi;(a) = o belong either to 1- or 2-element M;3-orbits
and the only elements satisfying M7;(a) = a belong to 1-element orbits (i.e. are fixed
points). O

Remark 2.9. We have verified numerically how many elements generate each type
of the orbit (that is for how many 3 the number M;(3) belongs to some orbit for
some k). So, fixed points are generated by 8370236170 numbers, 2-element orbits are
generated by 60489967824 numbers, 3-element orbits are generated by 104611083720
numbers and finally 6-element orbits are generated by the remaining 9826528712286
numbers.
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Fact 2.10. M;i5-orbits are the following:
1-element orbits (fixed points): 44 sets of the form

{le+f+29)(e+f+g)e+ flle+g)efg0...(e+ f+29)}

where 0 < g< f<e<e+ f+29<09.
2-element orbits: 342 sets of the form

{ab(b—g)(a—b—!—e)efgﬂ. c.a, ala—g)b—g)(b—f)b—f—g)(b—e—g)(a—0)0...a}

where 0 < g< f<e<a—-bte<b—g<b<a<9andablb—g)la—b+e)efg0...a

is not a fized point.
4-element orbits: 2678 sets of the form

{abcdefg0...a, a(a—g)(b—g)(b— f)(c— f)(c—e€)(d—¢€)0...a,
ala—d+e)la—d+e—g)la—c+e—g)b—ct+te—g)b—c+f—g)(b—¢c)0...qa,
a(a—b+c)(a—b+c—d+e)(a—b+c—d+e— f+g)(a—b+c— d+e—f)(a—b+c—d)(a—b)O.. .a},

where 0 < g < f<e<d<e<b<ec<9 and abedefg0...a does not satisfy any of
the above conditions.

Proof. As before, the statement follows from straightforward calculations. Let us only
note that the only elements satisfying the equation M3 (o) = « are fixed points. O

Fact 2.11. Mj7-orbits are the following:
1-element orbits (fixed points):

{0} {444332100 . . .4}, {888664200...8},
{432211110. . .4}, {876543210....8}, {864422220. . .8},

2-element orbits: 32 sets of the form

{(2d—2g+2h)(d+e—2g+2h)(d+e—2g+h)e(2g—h)gho...(2d—2g+2h),
(2d—2g +2h)(2d — 29+ h)(d +e—2g + h)(d+ e — 39+ 2h)
(d+e—3g+h)(d+e—4g+2h)(d—2g+h)(d—e)0...(2d —2g+ 2h)}
where ) K h<g<2g—h<e<d<2d—29g+2h <9,
4-element orbits: 6060 sets of the form
{abcdefghO...a, ala—h)(b—h)(b—g)(c—g)(c— f)(d— f)(d—e)0...aq,

ala—d+e)la—d+e—h)a—d+ f—h)b—d+f—h)(b—c+f—h)(b—c+f—g)(b—¢c)O...a,
ala—b+c)a—b+c—d+e)la—b+c—d+e—f+g)

(a—b+c—d+e—f+g—h)(a—b+c—d+e—f)(a—b+c—d)(a—b)0...a}.

where 0 < h<g< f<e<d<e<b<e<9 and abedefghO...a does not satisfy
any of the above conditions.

Proof. The statement follows from straightforward calculations. Let us only note that
the only elements satisfying the equation Mj (o) = « are fixed points. a
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Now let us notice some general properties of fixed points.

Fact 2.12.

1. Let a = ay...a,0ay,...a1, where 0 < a, < ... < a1 <9. Then « is a fized point
of May+1 if and only if

ap — Gp = a2

az — Gp = as

ap — Qp—k+1 = G2k (3)
k41 — Op—k4+1 = A2k+1

argl — G1+3] = An

where 1 <k < [§].

2. Elements of the form
(nc)((n —1)c)...c0c(2c) . .. (nc), (4)

where ¢ € {0,1,...,9} and nc < 9 are fived points of Map+1. In particular, for
n > 9 the only fized point of Mapt1 of the form (4) is 0. If 5 < n <9 then Mapi1
has two fized points of the form (4), for n = 4 there are three such points, for n =3
— four such points, for n =2 — five of them and for n =1 — ten fized points of the

form (4).
3. If n =1 (mod 3) then M, possesses fized points which are not of the form (4).

Proof. 1. and 2. are straightforward. So as to 3., observe that if n = 3N + 1, then two
equations in the system (3), namely

AN+1 — Gp—N+1 = G2N+1 and AN+41 — Gp—N = G2N+2,

are equivalent, which provides one more parameter in the solution of (3), whence more
fixed points of M,,. O

Examining the form of orbits we suspect that the following are true:

Conjecture 1. Each number of the form ay...a,0a,...a1, 0 < a, <... <a; <9
belongs to some My, 1-orbit.

Conjecture 2. For odd n, each M,-orbit has at most "T_l elements.
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2.2. M, -orbits for even n

In comparison to odd n, the number and form of M, -orbits for even n is surprisingly
measly. But thanks to this it was possible to describe M,-orbits for every even n.

First let us collect the results obtained by straightforward calculations (numerical)
for every even n < 20.

Notation. Since digits appear in bunches, we shall use the subscript to denote

how many consecutive occurrences of a given digit we have. For instance, a num-
ber (2b)(20)bb00bb(2b)(2b) will be denoted by (2b)2b202b2(20)s.

Fact 2.13. For even n < 20 we have the following M, -orbits:

n = 2: I-element orbit: {0}.

n =4: I-element orbit: {0}.

n = 6: I-element orbits: {az202a2}, where 0 < a < 9,

n = 8: I-element orbit: {0}.

n = 10: I-element orbits: {(2b)2b202b2(2b)2}, where 0 < b < 4,
2-element orbits:

SARSENCEET

{a2b202b2az, as(a — b)202(a — b)2as},

where 0 < b < a <9 and azbs0b2a2 is not a fived point.

6. n=12: 1-element orbits {a404a4}, where 0 < a < 9.

7. n=14: I-element orbits: {(3b)2(2b)2b202b2(2b)2(3b)2}, where 0 < b < 3,
3-element orbits:

{aQbQCQOQCQbQQQ, CLQ(CE — C)Q(b — C)QOQ(b — C)Q(CL — C)QCLQ,

az(a — b+ c)a(a —b)20z(a — b)a(a — b+ ¢)2as},

where 0 < ¢ < b < a <9 and azbaca02c0b2a2 is not a fized point.

n =16 I-element orbit: {0}.

9. n = 18: I-element orbits: {(2d + ¢)2(d + ¢)acada02daca(d + ¢)2(2d + ¢)2}, where
0<d<e<2d+c<9,
3-element orbits

&

{agbacadz02d2cobras,
az(a — d)2(b — d)2(b — ¢)202(b — ¢)2(b — d)2(a — d)2az,
az(a—b+c)z2(a—b+c—d)a(a —b)202(a — b)2(a — b+ c—d)a(a — b+ ¢)2az},
where 0 < d < c < b< a<9 and asbacads02dacobaas is not a fized point.
10. n =20: I-element orbits:  {(2b)4bs04b4(2b)4}, where 1 < b < 4,

2-element orbits:
{a4b404b4a4, a4(a - b)404(a - b)4a4},

where 0 < b < a <9 and agby04bsaq is not a fized point. O

The theorem below provides the full description of M,-orbits for even n, as every
even natural number can be uniquely written in the form 2*r, where k,r € N and r
is odd.
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Theorem 2.14.

1. For every natural k and each o < 102" we have M;,jl(a) = 0, which means that
the only Mok-orbit is {0}.

2. For every r € 2N+1 and every natural k each Myk,.-orbit is determined by a unique

M,.-orbit. More precisely, a set {ﬁ%k), - §k)} is an Mok (9, 41y-0rbit if and only if

the set {B1, .., Bs} is an Moy 1-orbit, where for a = ay ...a, we define a®) =

(CLl)Qk ces (an)gk.

Proof. We first show the following: Let k,r, A € N be such that r is odd and A < 102"
with digits 0 < age, < ... < a1 < 9. Then for every natural m < k there exist numbers
0<al, <...<al™ <9 such that

m _ (,(m) (m) (m) (m)
M™(A4) = (al )2m,1 (%k*mr) gm—1 (%k*mr)szl (al )2m,1

We take al(.l) ‘= a; — Gor,._;,1 Whence the statement is true for m = 1. For every

(m+1) _ () _(m)

m < k we take a; a; Aok i1 SO the result follows by induction.

Now, if r =1 then ME, (4) = aye for some a, whence M;,fl(A) = 0 which gives 1.
Forr =2n+1> 1 for m = k we get

M) = (69, () () (),

whence
k+1 k+1
MQk]j;l(A) - (CLg ! ))Qk (a’(lkJrl))Qk 0 (agﬁl))% (CLg : ))Qk

Now, it follows by induction that for every m > k we have

R = (), (), 00 (), ),

where for 1 <s < [ %] we have

o = o

Moan g =all -

and affﬁrl) = 0. That means that the form of M™(A) does not depend on k but only
on 7. Moreover, M} acts on the bunches of 2F consecutive digits in exactly the same

way as M, act on single digits, which finishes the proof. O

Remark 2.15. Let us show on examples how the above theorem works.

Since by Fact 2.2 the operator M3 has only 1-element orbits of the form {a0a} (there
are ten of them), for each k there are only ten Ms.ox-orbits of the form {agr0qraor }
(see Fact 2.13 for n = 6, 12).

For » = 5 by Fact 2.3 and the above theorem we obtain that M;y.ox-orbits are the
following;:

1-element orbits: {(20)9rbor Ogrbor (2b)2r }, 0 < b < 4,

2-element orbits: {agkbok 0ok bok ok, aor(a@ — b)gr0ok (@ — b)gragr }

where 0 < b < a <9 and a # 2b (see Fact 2.13 for n = 10, 20).
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3. Permutational Kaprekar’s transformations

In this section we are going to consider transformations which generalizes the idea
of Kaprekar’s transformation in some other direction than symmetric ones, namely

n
T(p n) Z Ak — Qp( k) Oki1 = Qp ...0201 = Qp(p) - - - Ap(2)Ap(1)
k=1
where « is a number with digits 0 < a3 < a2 < ... < ay, < 9 and p is a permuta-

tion in S,, (that is defined on the set {1,...,n}). Note that the classical Kaprekar’s

1 2 .n—1n
nn—1.. 2 1 ) Moreover, for each

permutation p and every number « we have two inequalities:

transformation 7;, is of that form for p =

0< T(pm) () < Th(a).

Indeed, ay, ... a1 is the greatest number of the form ay(,) ... ap) and a; ... a, is the
smallest one.

The rest of this section is devoted to examination of orbits of transformations

n—2
Qn(a) = Z(ak — an7k+1)10k71 + (@n_1 — a1)10" 2 + (an — az)10""1, n > 3.
k=1

Note that Qn (@) = T(pn)(a) where p = (Tll n 3 1 " ; 2 n; ! g) Moreover, if for

some « we have a; = ag, then @, (a) = T, («). So actually to obtain @,, we modified
T,, the least we could.

Most of the results we present were obtained numerically by straightforward cal-

culations. Note however, that we can prove some general facts as well.

Notation. Since now it is not enough to deal only with digits, we shall also use the
symbol x to denote multiplication. So, as before, AB denotes the number with digits
A and B, while 9 x AB denotes the product of 9 and the number AB. On the other
hand, to simplify a little, when there is not risk of confusion we shall omit x, like in
(a — b)10.

Fact 3.1. Qs-orbits contain only numbers of the form 9 x BA where 0 < B < A < 9.
Proof. Let o € N be a number with digits 0 < ¢ < b < a < 9. Then
Q3(a) = a(10® — 1) + b(10 — 10%) + ¢(1 — 10) =
=9((a—0)10+a—c) =9 x BA,
where A:=a—c¢, B:=a—0b, whence 0 < B< A<9. |

Fact 3.2. Q3 posses only one fized point, namely 0, and one 3-element orbit
{135,216,405}. The sum of digits of each number in this orbit equals 9. a
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Fact 3.3. Q4-orbits contain only numbers of the form
9x B(A+ B - (C)A, (5)
where 0 K C<B<K<A<KA+B-C<9or
9x (B+1)(A+B—-C—-10)A, (6)
where 0 K C<B<K<A<KI<A+B-C.

Proof. Let a € N be a number with digits 0 < d < c<b<a<9. Then

Qa() = a(
=9(a(10® + 10 + 1) + b10 — ¢(10* + 10) — d(10 + 1)) =
=9((a—c)10*+ (a—c+b—d)10+a—d) =
=9((a—c+1)10°+ (a—c+b—d—10)10+a — d).
Ifweset A:=a—d, B:=a—¢, C:=a—bthen0 < A< C<B<K9and
a—c+b—d=A+ B — C, whence we obtain the statement. O
Fact 3.4.

1. There are only three Qq-orbits: {0}, {2187,6543} and {3285,5274}. The sum of
digits of each number in nontrivial orbits equals 18.
2. By formulas (5) and (6) we have the following:

Qa(ala—1)(a —2)(a—3)) =2187, for every 3 <a<9,

Qa(aa(a —b)(a—0)) =bb—1)(9—0b)(10—b) for every 1<b<a<9,
Qi(aa(a — 5)(a — 5)) = 6543,

Qi(aa(a —b)(a — b)) =
[ (2b—10)(2b— 11)(20 — 2b)(19 — 2b), if
= { (10 — 2b)(9 — 2b)(2b)(2b — 1), if

2187, if b= 4,6
8721, if b=1,9,
6543, if b= 2,8,
4365, if b= 3,7,

3

3. The number of iterations of Q4 which leads to elements in orbits can be pretty large,
for instance the smallest n for which Q% (7092) belongs to some Q4-orbit is 11 (and
we have Q}'(7092) = 2187). a
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Fact 3.5. Nontrivial Q5-orbits contain only elements of the form
9-—d)b—e—1)909—-b+d)(e+ 1), (7)

where 0 < e < d<b< 9 andb—e > 1. The sum of digits of each number in each
orbit equals 27. In particular, the only fized point of Qs is 0.

Proof. Let a € N be a number with digits 0 <e<d<c<b<a<9. Then

Qs(a) = (a — d)10* + (b — €)10° — (b— d)10 — (a — €) =
=(@a—-d)10*+(b—e—1)10°+9-10* + (9 — b+ d)10+ 10 —a +e.

Now, if b—e = 0,then b = c =d = e and 0 < a — b < 9 whence we obtain
Qs(a) = (a — b)(10* — 1). By straightforward calculations we obtain that all ten
numbers of this form generate @Qs-orbit {52974,54963}. Both elements are of the
form (7) as required. Now, if b—e > 1, then a — e > 1 whence formula for Q5(a) give
its digits. Note that 9 is a digit in @5(«) for every «, so in particular for elements
in @Qs-orbits there must be a = 9 (as this is the greatest digit) whence we get (7) as
required.

Now, let « be a nontrivial fixed point, that is Q(a) = . Thena=9and b—e >1
whence e + 1 # e and e+ 1 # b. Moreover 9 — d # d. Thus there are two possibilities:

1)e+1=d. Since 9—b+d>dthenb—c—1=e¢ < b= 2e+ 1. Now, the
remaining two digits are b, c. If we assume that 9 —d =0 <= 9 — b+ d = 2d then
c=2d=2e+2>2e+1=>b, a contradiction. If we assume that 9 —b+d =0 <—
9 — d = 2b, then 2b = ¢, a contradiction. So this case is impossible. 2) e + 1 = c.

Since b — e — 1 < b then it has to be equal either to e or d. In the first case we obtain
b=2e+1,9-b+d=d < b=9 <= e=4and9—-d=0=9 < d=0<e,
a contradiction. If b—e—1=d then 9—b+d=9—-¢c <9—d whence 9 —d =
b, 9—b+d=e < e=2d < d=e=0 <= b= 1. But then 9 — d # b which
makes this case impossible and finishes the proof. a

Examining the results of numerical calculations of @Q,,-orbits for all n < 15 we have
noticed some regularities which gave birth to some general facts. The first theorem
below concerns fixed points, the second — some 3-element orbits.

Theorem 3.6.

1.
5...54 9...9 4...45
—— o =~
k-times (k+1)-times k-times
is a fized point of Qsi+s for every k € N.
2.

663...3086...652
——— ———

k-times k-times

is a fived point of Qak4e for every k € Ny.
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3.
9...9 753086420...01 and 6753...320876...6 442
—— —— N—— ——
(k+1)-times k-times k-times k-times
are fized points of Qax+10 for every k € N and k € Ny, respectively.
4.

9...9 7508420...01
— ——

(k+1)-times k-times
is a fized point of Qo+ for every k € N.

Proof. 1. For every k € N we have

Qsp+s | 5...54 9...9 4...45|= 9...9 5...9 4...4
—— o =~ — —— N——
k-times  (k+1)-times k-times (k+1)-times (k+1)-times (k+1)-times

- 4...4 9...9 9...9
SN—— N—~— S——
(k+1)-times (k+1)-times (k+1)-times

5...54 9...9 4...45
——— —— N———

k-times (k+1)-times k-times

2. For every k € Ny we have

Q2k+6 | 663...3086...652| =866...6653...320
——— ——— N——— ———

k-times k-times k-times k-times
—203...3566...668
N—~— N—~—

k-times k-times

663...3086...6052
——— ———

k-times k-times
3. For every k € N we have
Q2k+10 9...9 753086420...01 ) = 9...9 87654321 0...0
—— N—— —— ——
(k+1)-times k-times (k+1)-times (k+1)-times

— 0...0 12345678 9...9
S~—~— N——
(k+1)-times (k+1)-times

9...9 75308642 0...01
——— ———

(k+1)-times k-times
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For every k € Ny we have

Q2k+10 | 6753...320876...6442 | =8776...665443...3 220
——— ——— ———

———

k-times k-times k-times k-times
—2023...344566...6 778

N—~— S~——

k-times k-times

6753...320876...6 442
——— ———

k-times k-times
4. For every k € N we have
Q2%+ 9...9 7508420...01| = 9...9 875421 0...0
—— —— —— N——
(k+1)-times k-times (k+1)-times (k+1)-times

— 0...0 124578 9...9
N—— SN——
(k+1)-times (k+1)-times

9...9 750842 0...01
——— ~———

(k+1)-times k-times

which finishes the proof.

Theorem 3.7.

1. Qar+s, k € Ny possesses the following 3-element orbit:

{563...3 20876...644, 673...320876...642, 6753...3 176...6442}
——— ——— ——— ~——— ——— ———

k-times k-times k-times k-times k-times k-times

2. Qak+10, k € Ny possesses the following 3-element orbit:

{64 3...3 1088 6...6 54, 78 3...3 2087 6...6 22, 68553...32 6...6 4432}
——— ——— ——— ——— ——— N———

(k+1)-times  (k+1)-times (k+1)-times  (k+1)-times k-times (k+1)-times

Proof. 1. For every k € Ny we have

Qar+s | 563...320876...644 | =876...665443...320
——— ——— ——— ———

k-times k-times k-times k-times
—203...344566...6 78
N—~— S~—~—
k-times k-times
673...320876...642,
S~—— N—~—

k-times k-times
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Qar+s | 673...320876...642 | =8776...6643...3 220
——— —— ——

——
k-times k-times k-times k-times
—2023...3466...6 778
S~—— S~—~—
k-times k-times

6753...3176...6 442,
—— ———

k-times k-times

Qakys [ 6753...3176...6442 | =776...665443...3 21
—— —— ——— ——

k-times k-times k-times k-times
—213...344566...6 77

—— ——

k-times k-times

56 3...320876...6 44,
—— ———

k-times k-times

2. For every k € Ny we have

Qaky10 [64 3...3 1088 6...6 54 =88 6...6 6544 3...3 10
—— ——— ——— ——

(k+1)-times (k+1)-times (k+1)-times (k+1)-times
—10 3...3 4456 6...6 88
N—~— S~—~—
(k+1)-times (k+1)-times

78 3...3 2087 6...6 22,
N—~— S~——
(k+1)-times (k+1)-times

Qak+10 | 78 3...3 2087 6...6 22| =8877 6...6 3...3 2220
—— —— N—— ——
(k+1)-times (k+1)-times (k+1)-times (k+1)-times

—2022 3...3 6...6 7788
S~—— N——
(k+1)-times (k+1)-times

6855 3...3 2 6...6 4432,
——— ———

k-times  (k+1)-times

Q2k+10 | 68553...32 6...6 4432 | =86 6...6 5544 3...3 22
——— ——— —— ——

k-times (k+1)-times (k+1)-times (k+1)-times
—22 3...3 4455 6...6 68
N—~— S~—~—
(k+1)-times (k+1)-times

64 3...3 1088 6...6 54,
N—~— S~——
(k+1)-times (k+1)-times
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In the table below we collect all the numerical results we obtained. Here s denotes
the sum of digits of every element in the given orbit, d stands for the length of an
orbit and m gives the number of numbers that generate the given orbit.

Q,-orbits | s | d| m
n =2

{0} | 0 | 1 | 100
n=3

{0} 0 |1 28

{135,216,405} 9 |3 972
n=4

{0} 0 |1 10

{3285,5274} 18 2| 1908

{2187,6543} 18 |2| 8082
n=2>5

{0} 0 |1 10

{52974,54936} 27 121 99990
n==~06

{0} 0 |1 10

{660852} 36 1| 10080

{549945} 36 1] 204102

{350874,570852,669942,569943,

560844,460872,671742,561744} 27,368 | 785808

n=717

{0} 0 |1 10

{5729643,6519753,6609852,7809831,

8849421,7739532,6539553,6299964 } 36,458 9999990
n==~,

{0} 0 |1 10

{66308652} 36 1] 215040

{56208744,67208742,67517442} 36 [31]99784950
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Qn-orbits | S |d| m
n=29
o 01 10
(554999445} sa|1| 34440
(763197642,764197542) 45|2| 42054837
(752197743,764296542) a5|2| 783607101
(652098753, 784098531,885296421,776197332,764395542} 45 | 5| 173403612
n =10
o 01 10
(6633086652} 45(1] 2520000
(9975084201} 45|1] 41045760
(6752087442} a5(1] 50793120
{6431088654,7832087622,6855264432) 45(3| 1581982950
(5632087644,6732087642,6753176442) 45|3| 8323658160
n=11
07 01 10
{76421977542,76531976442} 54|2| 1152074022
{77420987532,78542965431} 542 20024739790
(77530986432,78441975531,87430986522,
78641975331,87441975522}| 4| © | 78823186178
n=12
07 0T 10
(555499994445} 2|1 697950
(663330866652} 54|1] 23950080
(999750842001} 54|1] 556839360
(997530864201} 54|1| 6771885120
{997510884201,997750842201,997550844201} 54|3| 10397350260
(643110888654, 787320876222,685552644432) 54|3| 14282581632
(654310886544, 783210887622, 786552644322} 54|3| 49942260696
(643310886654, 783320876622,685532664432) 54|3| 139166335086
{563320876644,673320876642,675331766442) 54| 3| 775875839646
n =13
o 01 10
(7742109887532,8365429654321,
7763200876332,7854420655431} 03 | 4 | 710013982062
(7865309864331,8854319765421, 8764209875322,
7865419754331,8744200875522}| 03 | 7 1489986017928
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|Qn-orbits [ s [d] m |
n=14
o] W 0
{66333308666652} 631 197765568
{99997508420001} 631 6034588560
{67533208766442} 631 87185978880
{99975308642001} 63[1] 126071225280
{99753308664201} 63[1] 516356961120
{99975108842001,99977508422001,99975508442001 } 633 181449067800
{64311108888654,78773208762222,68555526444432} 633 270059528648
{99751108884201,99777508422201,99755508444201} 633 420203255472
{99755108844201,99775108842201,99775508442201} 633 829988923764
{64331108886654,78733208766222,68555326644432} 63 (3| 1186659773208
{65431108886544,78732108876222,78655526444322} 63 (3] 1935985009868
{65543108865444,78321108887622,78765526443222} 633 2182686460318
{99753108864201,99775308642201,99755308644201} 63 (3] 2316236914992
{65433108366544,78332108876622,78655326644322} 63 (3| 6805012345352
{64333108866654,78333208766622,68553326664432} 63[3]10677174402826
{56333208766644,67333208766642,67533317666442} 63|31 72458697798334
n=15
o] W 0
{555549999944445} 90(1 15165150
{776321098876332,886544296554321} 7212 9882019583415
{775432098765432,785442098755431,886431098865321,
887653197643221,876543197654322} 725 1102564269404575
{764432098765542,785422098775431,886543098654321,
886532098764321,886643197653321, 72171887553695846850
876433197665322,775433197665432}

In the table above some interesting properties and anomalies can be observed:

Trivial fixed points for @,, are always generated by 10 numbers except for n = 2, 3.
Transformations with only trivial fixed points are Q3, Q4, @5, @7, Q11 and Q3.
Q3,Q5 and Q7 are the only transformations possessing only two orbits.

The sum of digits of elements in each orbit is constant except for one orbit for Qg
(for which it equals 27 or 36) and one for Q7 (equals 36 or 45).

5. There is also stronger general property — namely the sum of digits of elements in
all nontrivial orbits is also constant except for Qs,, n = 2,3,4,5 and Q7.

Ll o=

4. General Kaprekar’s transformations

In previous sections we have generalized the idea of the classical Kaprekar’s trans-
formation using absolute value or allowing the second index to vary according to some
permutation. Now we shall consider transformations that generalizes the idea of both
previously mentioned ones.
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Namely, again we shall consider numbers with at most n digits (filled with 0 at the
beginning if necessary), but now in the original order.

Definition 4.1. Let a be a number with at most n digits (filled with 0 at the beginning
if necessary), that is

Oé:dldg...dn, Ogdl<9
and let o, be permutations of {1,...n}. Then the n-th (o, m)-general Kaprekar’s
transformation dsfm) is the function defined in the following way

dgf’ﬂ) (a) = Z |d0(k) — dﬂ.(k) |10n7k717
k=1

In the sequel we shall consider orbits for a special type of transformations of this
. . . . . 12.n-2n—-1n
kind, namely for o being the identity permutation and m, = (2 3 m-1 n 1 ) ,

i.e. m, being the cycle (1,2,...,n), that is

n—1
Dy, 1= d™) =N " |dy — di 110" 4 |dy, — dy| (8)
k=1

The permutations we consider were not chosen by accident. Note that transforma-
tions D,, are actually special cases of so-called Ducci’s transformation (see [1-4,15]
for more details on Ducci’s transformations).

Theorem 4.2.

1. The only fixed point of Dy, n € N is 0.
2. Transformations Dan, n € N have only one orbit — the trivial one.

Proof. 1. Let a = dqds...d,, 0 <d; <9 and let D, (o) = . Then
|dk—dk+1|=dk, kE{l,Q,...,n—l} (9)
|dn, — di| = d.

There are two possibilities:

a. There exists m € {1,...,n — 1} such that d,, > dym+1. Then from (9) we get
dpm,—dm+1 = di, whence dy, 11 = 0 and hence recursively for every k € {1,...,n}
we have dj = 0.

b. For every k € {1,...,n—1} we have d, < dj+1. Then d; < d,, and from the last
equation in (9) we get d; = 0, which recursively implies that d = 0 for every
ke{l,2,...,n}.

So the only fixed point of D, is 0.
2. Tt follows directly from the following theorem proven in [13]:
Theorem: Let T' be the transformation 7': Z2" — Z?" defined in the following way

72" 5 (a1, a2, ...,a20) — (Jay — azl,|az — as|, ..., |ax — axs1, - . . |agn — ay])

If a := (ay,as,...,a9:) € Z*" is fixed then there exists k := k(a) € N such that
T*(a) is the zero vector. O



Generalizations of Kaprekar’s transformations... 253

In the table below we collect the results on nontrivial D,,-orbits for n < 10 obtained
numerically, where k stands for any nonzero digit.

D, -orbits |Length

{0} 1
{kk, kOk, kk0} 3

{0} [ 1

{0} 1
{kk, kOk, kkkk, E000k, k00k0, kOkkE, kk00O, k00k, 15
kkOkk, kK00, k0k00, kkkOk, kkO, k0kO, kkkEO}

n==~06

{0}

{kkOkk, kOkkOk, kkOkKO}

{kOk, kkkk, K000k, kk0Okk, k00O, kkkk00}
{kOkO0, kkkE0, KO0O0KO, k00kkk, k0k000, kkk0Ok }

n="7T

O W

{0}

{kk, kO, kkkk, K000k, kk0Okk, k0kOkOk, kkkkkk0}

{ kK0, kOKO, kkkk0, K000kO, kk00kkO, k0kOkk, kkkkkOk}

{kk00, k0K00, kkkk00, k000%00, k00kkOk, kOkOkKO, kkkkOkk}
{k00K, kkOkk, kOkKOK, kkkOkkk, kk000, k0k000, kkkk000}

{kkkOk, k00kkk, kk0kOOk, kkkOkO, k00kkEKO, k0kOOkK, kkk0k0O}
{kOkkk, kkk0Ok, k00kOkk, kOkkKO0O, kk00kOk, k0kkkO, kkk00kO}
{k00Kk0, kkOkkO, k0kkOkO, kkOkkkk, kk0000, k0k0000, kkk000k}
{0000k, kk000kE, K00%00, kk0kk00, kk0kOk, kOkkkkk, kk00000}
{kkkkkk, k00000%, k0000k0, kK000kkk, k00k000, k0kk0Ok, kk0k0kO}

n=3~8
{0} [ 1

ENEENEENEEN BENEEN BENEES IEN e
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Dy,-orbits |Length
n=9

{0} 1

{kkOkkOkk, kOkkOkkOk, kkOkkOkkO} 3

{kk, kOk, kkkk, K000k, kk0Okk, k0kOkOk, kkkkkkkk, 0000000k,
£000000k0, £00000kkk, kK0000k000, k000kk00k, kK00kOkOKO, kOkkkkkkk,
k0000000, 000000k, kk00000kk, k0000k00, kk000kk00, k00kOKOK,
kkOkkkkkk, k000000, k0000000, kkk00000k, £0000kO, kk000kKO,
k0kO0kOKO, kkkOkkkkk, k00000, k000000, kkkk00000, K0000k, kkOOOkK, 63
k0kOOkOK, kkkkOkkkk, kk0000, kK0k0000, kkkk0000, £000k0000, kK00kkOOOK,
k0kOkOOKO, kkkkkOkkk, kk000, kK0k00O, kkkk000, K000k000, kk00kkOOO,
k0kOKk0Ok, kkkkkkOkk, kk0O, k00O, kkkk00, k00000, kk00kk00, k0k0k0Ok0O,
kkkkkkk0k, kk0, k0kO, kkkk0, K000k0, kk00kkO, k0k0kOkO, kkkkkkkkO}
{kOOKk, kkOkk, kOkkOk, kkkOkkk, k00kk0Ok, kkOkOkOkk, kkkkkkO0,
£00000k00, k0000kk0k, kK000k0kkO, k00kkkOkk, k0k00kK0O, kkk0k0KkOk,
kkkkkk0, k00000k0, kk0000kkO, kK000k0kk, kk00kkkOk, k0k00kKO,
kkkkOkOkO, kkkkkk, k00000k, kk0000kk, k0k000kOK, kkk00kkkO, kOkOOkK,
kkkk0kOk, k000kkkkk, K00k00000, k0kk0000k, kk0kOOOKO, kkk0Okkk,
k00kOkOOK, kOkkkk0kO, kk000kkkk, k00k0000, kkO0kk0000, kk0K00OK,
k0kkkOOkk, kk00k0k0O, k0kkkkOk, kkk000kkk, k00000, kk0kkOOO,
k0kk0k000, kkOkkk00k, kk00k0KkO, k0kOkkkkO, kkkk000kk, k00k0O, kkOkk0O
k0kkOKOO, kkk0kkk00, kk00kOk, kOkOkkkk, kkkkk000k, k00kO, kk0kkO,
kO0kkOKO, kkkOkkkO, k00kk00kO, k0k0kOkkk, kkkkkk000}

{kkkOk, k00kkk, kkOkOOk, kOkkkOkk, kkk00kkOk, kOk0kkO, kkkkk0kO,
k0000kkk0, k000k00kk, k00kk0k00, k0kOkkkOk, kkkk00kkO, k0kOkk,
kkkkkOk, k0000kkk, kk000k0Ok, k00kkOKO, kk0kOkkkO, kkkk00kk,
k000k0kOK, k00kkkkkO, k0k0000kk, kkk000k00, k00kkOk, kkOkOkkk,
kOkkkk0Ok, kk000k0kO, k00kkkkk, kk0k0000k, kkk000kO, k00k00kEO,
kOkk0kOkk, kkOkkkk00, kk000kOk, k0k0Okkkk, kkk0k0000, kkk0OOk,
k00k00kk, kkOkkOkOk, kkOkkkkO, k0kkOOOkO, kk0k0Okkk, kkk0k00O,
k00kkk000, k0k00k00k, kkkOkkOkO, kkOkkkk, k0kk000k, kkk0k00kk, kkk0k00
k00kkk00, kk0k00K0O, kkkOkkOk, k00kkOkkk, k0k0kK000, kkkk0kOOk,
kkkO0kO, k00kkkO, kk0k00kO, kOkkk0kkO, kk00kkOkk, k0k0kk00, kkkkk0k0O}
{kOkkk, kkkOOk, k00kOkk, kkOkkkOk, kOkkOOkkk, kk0k0kO00O, kkkkk0Ok,
£0000k0kk, k000kkk00, k00kO0kOk, kOkkOkkkO, kkOkkOOkk, kk0k0K0O,
kOkkkkk00, kk0000kOk, k000kkkO, kk00k00KO, kOkkOkkk, kkk0OkkOOk,
kk0k0kO, kOkkkkkO0, kkk0000kO, k000kkk, kk0OkOOk, k0k0kkOk,
kkkk0kk00, kkOkOk, kOkkkkk, kkk0000k, K00k000kk, k0kk00k00, kk0k0kkOk,
kkkkOkk0, K000kkOkO, k00kOkkkk, k0kkk0000, kk0OOkOOOk, k0kk00KO,
kkkOk0kkO, kkkkOkk, K000kkOk, kk0OkOkkk, k0kkk000, kkk00k00O, kKOkkOOk,
kkkOkOkk, k00kkkkOk, kK0k000kkO, kkk00kOkk, k0kkk00, kkk00KOO,
k00kOkk0O, kOkkk0kOk, kk00kkkk0, k0kOOOkk, kkkk00kOk, kOkkKO,
kkk00kO, K00kOkKO, kkOkkkOkO, kk0Okkkk, kOkOkOOOk, kkkkk00k0}

63

63

63
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Dy,-orbits Length
n =10

{0} 1

{kk000kk, kOkOOkOk, kkkkOkkkk, k000kk000k, kO0kOkOOKO, kOkkkkOkkk,

kk000kk000, kO0Ok0kOOK, kkOkkkkOkk, kk000kk0O, kOK00KOKOO, 15

kkkOkkkkOk, kk000kkO, k0k00kOKO, kkkkOkkkk0}

{kOk, kkkk, K000k, kk0Okk, k0kOkOk, kkkkkkkk, K0000000k, kk000000kk,
£00000k00, £k0000kk00, K000k0kOK, kk00kkkkkk, k0k000000, kkkk000000,
£00000k, kk0000kk, kKOk0OOOkOk, kkkk00kkkk, k00000, kkkk000O, 30
k000%0000, kk00kk0000, kK0k0kO0Ok, kkkkkk00kk, k0k0O, kkkk0O

k000k00, kk00kKk00, k0k0k0kOO, kkkklkkkk00}

{k0kO, kkkkO0, k000kO, kk00kKO, k0kOKOKO, kkkkkkkk0, K0000000kO
£000000kkk, k000005000, £0000kk00k, K000k0KOKO, k00kkkkkkk, k0k0000000,
kkk000000k, £00000k0, kk0000kKO, k0k000kOKO, kkk00kkkkk, k000000, 30
kkkk00000, k00000000, kK00kk0000k, k0k0k000KO, kkkkk00kkk, k0k00O
kkkk000, k000k000, kk00kk000, k0kOKOK000, kkkkkkk00k}

{kkOkk, kOkkOk, kkkOkkk, k00kk00k, kk0kOkOkk, kOkkkkkkOk, kk00000kkO,
k0000kOkk, kk000kkkOk, k00k00kKO, kk0kk0k0kO, kkOkkkkkk, k0kk00000K,
kk0k0000KO, kkkO0Okkk, k00k00kOOk, kOkkOkkOKO, kkOkkOkkkk, kk0kk0000, | 30
k0kk0k0000, kk0kkk000k, kk0O0k00kO, k0kOkk0kKO, kkkkOkkOkk, kk0kk0O
k0kk0kOO, kkk0kkk00, k00kk00kQO, kK0kOkOkkOK, kkkkkk0kkO}

{kOOkkk, kkOkOOk, kOkkkOkk, kkk0OkkOk, k00k0kOkkk, kOkkkkk000,
kk0000k0Ok, k000kk0kO, kk00k0kkkO, kOkkk0Okk, kkk00kOkOk, kOkkkkkO,
kkk0000k0, k00k000kEO, kOkkO0kOkk, kk0k0kkk0O, kkkk00kOk, k000kOkkkk, | 30
k00kkk0000, k0k00k00Ok, kkk0kk00kO, kkOkOkkk, kOkkkk00k, kkk000kOkE,
k00kkk00, kk0k00kOO, k0kkk0kKO00, kk00kkOkOk, k0kOkkkKO, kkkkk000k0}
{kkkOOk, k00kOkk, kkOkkkOk, kOkk00kkk, kkk0k0k0Ok, kkkkk0kO, K0000kkk0
kk000k00kO, k00kkOkkk, kk0k0kk0Ok, kkkk0k0k0, kK000kkkkkO, k00K0000kK,
k0kk000k00, kkOk0OkkOk, kkk0kOkkO, k00kkkk0kO, k0k000kkkk, kkk00k0000, | 30
kOkkO0Ok, kkk0k00kk, k00kkkOkOk, kOk00kkkkO, kkk0k000kk, kkk00KOO,
k00k0kk00, kkOkkk0k00, kk00kkk0k, kK0k0k0Okk, kkkkk0k000}
{kk0kkO, kOkKkOKO, kkkOkkkO, k00kk00kO, kk0kOkOkKO, kkkkkkOkk,
£00000kkO0k, k0000k0kKkO, kK000kkkOkk, k00k00kk0O, k0kkOkOkOk,
kkOkkkkkk0, kk00000kk, k0k0000k0k, kkk000kkKO, k00k0OkE, kk0kk0kOk, 30
kOkkOkkkkk, kk0kk00000, kk0k0000k, kOkkk000kk, kk00k00K0O, kOkkOkKOK,
kkkOkkOkkk, kk0kk000, k0kk0k00O, kkkOkkk000, kk00kOOK,

k0kOkkOkk, kkkkk0kkOk}

{k00kkkO, kkOk00kO, kOkkkOkkO, kkk00kkOkO, kOkOkkkk, kkkkk000k,
£0000k00kk, k000kk0k00, kK00kOkkkOk, k0kkk0OkkO, kkOOkOkOkK,
kOkkkkk00, kkk0000k0O, k000kkOk, kk00kOkkk, k0kOkkk0Ok, kkkk00k0kO, 30
kOkkkkk, kkk000Ok, k00k000kk, kk0kk00kOk, kkOkOkkkO, k0kkkkOOKO,
kk000kOkkk, k00kkk000, kk0k00k000, kkkO0kk00k, k00kkOkOkE,
kO0kOkkkk0O, kkkk000kOk}

{kkk00kO, K00k0kkO, kkOkkkO0kO, k0kk00kkkO, kk0kOk0Okk, kkkkk0kOO,
k0000kkk00, k000k00k0k, kK00kk0kkkO, k0kOkkOOkk, kkkk0k0k00, kkkkkOk,
k0000kkk, kk0OOOkOOk, k0k00kkOkk, kkk0kOkk0O, kkkkOkOk, k000kkkkk, 30
kk00k0000k, k0kk000KO, kkk0k00kkO, kkkOkOkk, k00kkkkOk, kkOk0OOkkK,
kkk00k000, k00k0kk000, k0kkkO0kOOk, kk00kkk0kO, k0k00kkkk, kkkk0k00Ok}
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As for n > 10 the orbits become too large to be written explicitly, we only give
their number and cardinality.

Fact 4.3. All nontrivial D,,-orbits for 11 < n < 17 are the following:

n = 11: twenty seven 341-element orbits,

n = 12: nine 3-element orbits and 198 orbits of cardinality 12 each,

n = 13: forty five 819-element orbits,

n = 14: eighty one 7-element orbits and 2592 orbits of cardinality 14 each,

n = 15: nine 3-element orbits, twenty seven 5-elements orbits and 9819 orbits of
cardinality 15 each,

6. n = 16: no nontrivial orbits,

7. n=17: twenty seven 85-element orbits and 2304 orbits of cardinality 255 each. O

SARSENCET

Remark 4.4. Consider a number containing exactly two distinct digits — 0 and some
nonzero A. Since digits appear in bunches, we shall use the notation introduced in
Section 2.2. So there are 4 possible forms of such numbers, that is

Dy (0p, As, (0, —1 A1) (05, _1 A1) ...

) ). ( ) )
(05, —1A41)(0k, —1A1) - .. (O, —1 A1) (05, —141)
(Og,—1A41)(05,—1 A1) ... (O, —1A41)(05,—1A1)0k, .,
(0s,-141)(0ky —141) ... (O, —1A41)(05,-141)0s, .,

whence we always get an even number of appearances of A. That leads to a possibility
that elements of this form appear in D,-orbits. Note however that D, (A,) = 0 and
D, (0,,) = 0, so it can be untrue for even n (and it is actually for powers of 2, as
follows from the above theorem). If we assume now that n is odd, then we always get
at least one 0 whence at least one A, so we again obtain a number which is in one of
the 4 forms.

Ok, —141)(05,—1 A1

As,) =
Dy (Ag,Op, - .. Ay, Op,) =
D, (0, A, .. Astokt+1)
Dy(Ag,Op, ... Ay, O, Ay, ) =

St4+1

Examination of numerical results for D,-orbits leads to the following

Conjecture 3. Each element of a nontrivial D,,-orbit for n € N is a number containing
only two distinct digits — a nonzero digit k& € {1,2,...,9}, which always has an even
number of appearances, and 0.

Remark 4.5. We have considered one more example of general Kaprekar’s transfor-
mation which is a generalization of D,,, namely d;q ,, .., where for every r,n € N, r <n
we have
k+r, k=1,2,....n—m,
T, (k) =
k—n+r, k=n—r+1,....n

It turned out that for r = 2 and odd n orbits of d;iq,~, , and D, form the same sets,
but elements in orbits appear in a different order (i.e. arise from different iterations).
For instance, nontrivial orbits for dig,r, ., are

{kOk, Okk, kk0O}, A=1,2,...,9,
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(compare to D3-orbits given in the table above) and nontrivial orbits for di ., are

{kkkk, kO00kO, kEkO0O, kkOkk, KOKOO, kkO, kkkkO, KOK,
k000K, kOkkk, KOOk, kkOO, kkkOk, kOkO, kk}, k=1,2,...,9

(compare to Ds-orbits given in the table above).

5. Further generalizations Kaprekar’s transformations

All transformations we have discussed so far are of the form

St.al Z [5700) = 89 [10" 7",
k=1
where f, g are some permutations on {1,...,n} and s1,..., s, is a sequence of digits

of «, either consecutive or nondecreasing. So the next step in generalizing could be
considering the case when f, g are any functions. We only mention it as a remark as
considering these transformations in details would exceed the scope of this paper.

One more idea is to introduce Kaprekar-style transformations in some other al-
gebraic structures, like groups or rings. As the example we propose two trans-
formations on symmetric groups S,, m > 2. Recall that each permutation can
be uniquely (up to the order) represented as a product of pairwise disjoint cy-
cles. So let a permutation m € S,, be written as a product of pairwise disjoint
cycles such that their lengths decreases and cycles of length 1 are omitted in
this notation. Now, let max, (resp. min,) be a permutation nontrivial cycles of
which have the same lengths as those in 7 and elements in these cycles are con-
secutive numbers in decreasing (resp. increasing) order starting with n (resp. 1).
For example, if 7 = (2,4,6,8)(1,3,5) € S¢ then maz, = (9,8,7,6)(5,4,3) and
ming = (1,2,3,4)(5,6,7). Next, let mazgpp(x), MiNgyupp(x) be permutations defined
analogously as max,, min,, respectively, but on the support of 7 only, that is on
supp(m) := {k € N: k < n and (k) # k}. For example if 7 = (2,4,6,8)(1,3,5) € Sy
then Mmazyppr) = (8,6,5,4)(3,2,1), minguppx) = (1,2,3,4)(5,6,8). Note that this
idea corresponds to ordering digits of numbers in case of classical Kaprekar’s trans-
formations. Now we define two Kaprekar-style transformations, namely for every per-
mutation w € S,, we have

Fu(m) = max, o ming, R (T) = M gypp(r) © MiNgupp(r) (10)

As the example consider m = (1342)(657) € S7. Then

Fr(m) = (7654)(321)(1234)(567) = (374),
F3(m) = (765)(123),

F2(m) = (765)(432)(123)(456) = (14763),
Fi(m) = (76543)(12345) = (12765),
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whence
F#(m) = (12765), n >4
and
Rr(m) = (7654)(321)(1234)(567) = (374),
R2(m) = (743)(347) = id.
Basing on the numerical calculations we performed we suspect the following is true:

Conjecture 4. For every natural n and each permutation 7 € S,, there exists a nat-
ural number k = k() such that R (7) = id.
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